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We consider the pure Yang-Mills relativistic quantum field theory in an imaginary time functional
integral formulation. The gauge group is taken to be G = U(N). We use a lattice ultraviolet
regularization, starting with the model defined on a finite hypercubic lattice Λ ⊂ aZd, d = 2, 3, 4,
with lattice spacing a ∈ (0, 1] and L ∈ N sites on a side. The Wilson partition function is used
where the action is a sum over four lattice bond variables of gauge-invariant plaquette (lattice
minimal squares) actions with a prefactor ad−4/g2, where we take the gauge coupling g ∈ (0, g20 ],
0 < g0 < ∞. In a recent paper, for free boundary conditions, we proved that a normalized model
partition function satisfies thermodynamic and ultraviolet stable stability bounds. Here, we extend
the stability bounds to the Yang-Mills model with periodic boundary conditions, with constants
which are also independent of L, a, g. Furthermore, we also consider a normalized generating
functional for the correlations of r ∈ N gauge-invariant plaquette fields. Using periodic boundary
conditions and the multireflection method, we then prove that this generating functional is bounded,
with a bound that is independent of L, a, g and the location and orientation of the r plaquette fields.
The bounds factorize and each factor is a single-bond variable, single-plaquette partition function.
The number of factors is, up to boundary corrections, the number of non-temporal lattice bonds,
such as (d− 1)Ld. A new global quadratic upper bound in the gluon fields is proved for the Wilson
plaquette action.
PACS numbers: 11.15.Ha, 02.30.Tb, 11.10.St, 24.85.+p
Keywords: Nonabelian and Abelian Gauge Models, Lattice Gauge Models, Stability Bounds, Generating
Functional, Thermodynamic and Continuum Limits
I. INTRODUCTION
To show the existence and properties of an interacting relativistic quantum field theory (QFT) in spacetime dimen-
sion four is a fundamental problem in physics [1–4]. Many partial results have been obtained [4–7]. The quantum
chromodynamics model (QCD) of interacting (anti)quarks and gauge, gluon fields is considered to be a good candi-
date for a four dimensional QFT model which rigorously exists. The action of this model is a sum of an interacting
Fermi-gauge field part and a pure-gauge field self-interacting Yang-Mills (YM) part.
In this paper, we will focus only on the pure-gauge YM model. In an imaginary-time functional integral formulation,
a lattice ultraviolet regularization is used. The starting point is the Wilson plaquette action partition function.
Stability bounds (see [8]) for the corresponding partition function have been proved in the seminal work of Balaban
(see [9, 10] and Refs. therein), using renormalizationg group methods and the heavy machinery of multiscale analysis.
Using softer methods, in Ref. [11], the d = 2 YM model was shown to exist. It is expected that partition function
stability bounds lead to bounds on field correlations. Indeed, in the context of the renormalization group, considering
models which are small perturbations of the free field, the generating functional of field correlations and the correlations
can be obtained through a formula which involves the effective actions generated applying the renormalization group
transformations to the partition function (see e.g. [12]). However, in the case of gauge fields, this question, as well as
the incorporation of fermion fields, have never been analyzed up to now.
Recently, in [13], a simple proof of thermodynamic and ultraviolet stable (TUV) stability bounds is given by a direct
analysis of the Wilson partition function with free boundary conditions in configuration space, starting with the model
in a finite hypercubic lattice. The gauge group is taken as G = U(N) or SU(N). For each lattice bond there is a bond
variable U which is an element of the gauge group G. Also, by the spectral theorem, as U is unitary, there exists
a unitary V which diagonalizes U , i.e. V −1UV = diag(eiλ1 , . . . , eiλN ), λj ∈ (−π, π]. The λj are called the angular
eigenvalues of U . The action is a sum over products of four bond variables corresponding to the gauge-invariant
Wilson plaquette actions, and with a prefactor ad−4/g2, where we take g2 ∈ (0, g20], 0 < g0 < ∞. The hypercubic
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2lattice Λ ⊂ aZd, d = 2, 3, 4, with spacing a ∈ (0, 1] has L ∈ N sites on each side. In [13], the finite lattice partition
function with free boundary conditions (b.c.) is denoted by ZΛ,a. Looking foward to considering a more general b.c.,
in this paper, the partition function will be denoted by ZBΛ,a, where B is left blank, for free b.c., and B = P , for
periodic b.c. A complete description of the model is given in section II.
Associated with these classical statistical mechanical model partition functions and its gauge-invariant correlations,
there is a a lattice quantum field theory. The Osterwalder-Seiler [7] construction provides, via a Feynman-Kac formula,
a quantum mechanical Hilbert space, self-adjoint mutually commuting spatial momentum operators and a positive
energy operator. A key property in the construction is Osterwalder-Seiler reflection positivity (ensured here if L is
chosen to be even).
It is to be emphasized that the work of Ref. [13] concentrated only on the existence of a finite normalized free
energy for the model, in the (subsequential) thermodynamic and continuum limits, respectively, Λր aZd and aց 0.
No other property of the model was considered. It is also worth noticing that the techniques and methods used in Ref.
[13], combined with the results of Refs. [14–16] could be combined and used to prove the existence of a normalized
free energy for a bosonic lattice QCD model, with the (anti)quark fields replaced with spin zero, multicomponent
complex or real scalar fields. This is the content of Ref. [17].
In this paper, first, we extend the TUV stability bounds to the YM model with periodic b.c. The upper and
lower stability bounds have an interesting structure. They are both products of single-plaquette, single-bond variable
partition functions. A new, global quadratic upper bound in the gluon fields for the Wilson plaquette action is proved.
This bound gives rise to the factorized lower bound on the partition function. We denote by zu (zℓ) the single-bond
Haar integral partition functions describing the single-plaquette partition function for the upper (lower) stability
bound on the partition function with periodic b.c. The integrands of zu and zℓ are both class functions of the single
variable U , where we recall that a class function f(U) on the gauge group G satisfies the property f(U) = f(V UV −1)
for all V ∈ G. Thus, by Weyls integration formula [18–20] the N2-dimensional (for G = U(N) Haar integration over
the group is reduced to an N -dimensional integration over the angular eigenvalues of U . The probability density of
the circular unitary ensemble(CUE) occurs and in the bounds on zu and zℓ the probability density for the Gausssian
unitary ensemble (GUE) of random matrix theory appear in a natural way (see [21, 22]). The new stability bounds
are the contents of Theorem 1 below.
Furthermore, here, we also consider a normalized generating functional for the correlation of r ∈ N gauge-invariant
plaquette fields [23]. The numerator is the periodic b.c. partition function with r additional source factors of strengths
Jj , j = 1, . . . , r; the denominator is the periodic b.c. partition function Z
P
Λ,a. Starting with the model with periodic
boundary conditions which allows us to apply the multireflection method [4], in Theorem 2 below, we prove that
this normalized generating functional is absolutely bounded, with a bound that is independent of L, a, g, and the
location and orientation of the r external plaquette fields. The generating functional bound also has an interesting
structure. The bound has only a product of single-plaquette, single bond-variable partition function zu(J) with a
source strength field J in the numerator; in the denominator only a product of zℓ (the same as in the preceding case!)
occurs. In the bound for zu(J) the probability density for the Gausssian symplectic ensemble appears (see [22]). The
generating functional is jointly analytic, entire function in the source strengths J1, ..., Jr of the r plaquette fields.
The r-plaquette field correlations admit a Cauchy integral representation and are bounded by Cauchy bounds. In
particular, the coincident point plaquette-plaquette physical field correlation is bounded by consta2−d. The a2−d
factor, small a behavior is the same as that of the unscaled real scalar free field two-point correlation (see Appendix
A).
As the methods of analysis and TUV stability bound results for the free b.c. model play an important role in our
treatment of the periodic model, we review the free b.c. case in Section II, as well as give the TUV stability bounds
for the periodic b.c. model. Our stability bound results are established in Theorems 1-3 below. The normalized
generating functional for plaquette field correlations is defined in section III and its boundedness is established in
Theorem 4. Section IV is devoted to prove the Lemma 1, which gives an upper bound on the Wilson plaquette action,
and all the theorems and some concluding remarks are made in V. Finally, in Appendix A, considering the case of
the real scalar free field φ, we develop the relation between quantities expressed in terms of the unscaled or physical
field φu(x) and locally scaled fields φ(x) = s(a)φu(x).
II. THERMODYNMIC AND ULTRAVIOLET STABILITY BOUNDS
We first describe the free and periodic b.c. models and then we give the factorized TUV stability bounds. The
superscript P will denote periodic b.c. quantities. For the lattice Λ, we denote by Λs = L
d the total number of lattice
sites. We let x = (x0, . . . , xd−1) denote a site, and x0 is the time direction.
Free b.c. Bonds: Let eµ, µ = 0, 1, . . . , (d − 1) denote the unit vector in the µ-th direction. bµ(x) is the lattice
bond with initial point x and terminal point xµ+ ≡ x + aeµ ∈ Λ. The number of free b.c. bonds in the lattice Λ is
3Λb = d(L − 1)Ld−1. Sometimes, we refer to the bonds in the time direction x0 as vertical bonds. The other bonds
are called horizontal.
Periodic b.c. Bonds: In addition to the above free bonds, here, we have additional or extra bonds. An extra bond
has initial point at the extreme right lattice site and terminal point at the extreme left lattice site, in each coordinate
direction. If Λe denotes the number of extra bonds, we have Λe = dL
d−1. The total number bonds in Λ with periodic
b.c. (henceforth called periodic bonds) is ΛPb = Λb + Λe.
Free b.c. Plaquettes (Minimal Lattice Squares): For µ, ν = 0, . . . , (d−1), let pµν(x) denote a plaquette in the µν-plane,
with µ < ν with and vertices at sites x, x+ aeµ, x+ aeµ + aeν , x+ aeν of Λ. These are the free plaquettes.
Periodic b.c. Plaquettes: In addition to the free plaquettes, there are also extra plaquettes formed at least with one
extra bond. The periodic b.c. plaquettes are comprised of all plaquettes that can be formed from the totality of
periodic b.c. bonds. We denote the total number of free (periodic) plaquettes by Λp (Λ
P
p ).
Recalling that a ∈ (0, 1] and g2 ∈ (0, g20), 0 < g20 ,∞, we represent the model partition function, with B-type b.c.,
by
ZBΛ,a =
∫
exp
[
− a
d−4
g2
AB
]
dgB . (1)
Here, for each lattice bond b, we assigned a unitary matrix U ∈ U(N). These are the gauge bond variables. The
measure dgB is the product over bonds b of the single-bond gauge group Haar measures dσ(U). For p denoting any
fixed plaquette, the model action is given by
AB =
∑
p
Ap , (2)
where the four bond variable plaquette actions Ap and where the sum
∑
p is over plaquettes with the b.c. of type B.
To define Ap. we first recall some important facts about unitary matrices and their representation in terms of
elements of the Lie algebra of self-adjoint matrices associated with the gauge group G. For an N × N matrix M
the Hilbert-Schmidt norm is ‖M‖H−S = [Tr(M †M)]1/2, where M † is the adjoint of M . Let M1 and M2 be N ×N
matrices. Then (M1,M2) = Tr(M
†
1M2) is a sesquilinear inner product. We also have the following properties:
1. Let X be a self-adjoint matrix. Define exp(iX) by the Taylor series expansion of the exponential. Then exp(iX)
is unitary.
2. Given a unitary N × N matrix U , by the spectral theorem, there exists a unitary V such that V −1UV =
diag(eiλ1 , . . . , eiλN ), λj ∈ (−π, π]. The λj are the angular eigenvalues of U . Define X = V −1diag(λ1, . . . , λN )V .
Then U = exp(iX), and the exponential map is onto (see [19]).
3. For α = 1, 2, . . . , N , let the self-adjoint θα form a basis for the self-adjoint matrices (the Lie algebra u(N)
generators), with the normalization condition Trθαθβ = δαβ , with a Kronecker delta. Then, with X being an
N ×N self-adjoint matrix, X has the representation X =∑1≤α≤N2 xαθα = TrXθ, with xα = TrXθα.
4. For U and X related as in item 2, we have the important inequality:
‖X‖2H−S = Tr
(
X†X
)
=
∑
1≤α≤N2
|xα|2 = |x|2 =
∑
1≤j≤N
λ2j ≤ Nπ2 , λj ∈ (−π, π] .
Thus, the exponential map is onto, for |x| ≤ N1/2π.
For each bond b, we assign the gauge bond variable U ∈ U(N). If we parametrize U as eiagAb , with Ab self-
adjoint, we call Ab the physical gluon field associated with bond b. The physical gluon field Ab has the representation
Ab =
∑
1≤j≤N2 A
α
b θα, and we refer to A
α
b , α = 1, . . . , N
2, as the color or gauge components of Ab. If the plaquette p
is pµν(x), define
Up = e
iagAµ(x) eiagAν(x+aeµ) e−iagAµ(x+aeν) e−iagAν(x) .
The plaquette action Ap for the plaquette p is defined by
Ap = ‖Up − 1‖2H−S = 2Re Tr (1 − Up) = 2Tr (1 cosXp) , (3)
where Up = e
iXp . Obviously, Ap is pointwise positive (nonnegative) and so is the total action for the model A
B =∑
p Ap.
4This completes the description of the model. Using the Baker-Campbell-Hausdorff formula, formally, it is shown in
Ref. [3], for small lattice spacing a > 0,
Up = exp
[
ia2g F aµν(x) + R
]
, R = O(a3) ,
where F aµν(x) = ∂
a
µAν(x) ∂
a
νAµ(x) + ig[Aµ(x), Aν(x)] is the usual color ’electromagnetic’ second order antisymmet-
ric tensor with finite difference derivatives ∂aµAν(x) = a
−1 {Aν(x + aeµ)Aν(x)}, and [·, ·] denotes the Lie algebra
commutator (Lie product) associated with the gauge group G. Also it is shown that Ap ≃ a4g2Tr
[
F aµν (x)
]2
.
Each term in
[
F aµν(x)
]
is self-adjoint. Hence, the square is self-adjoint and positive, as well as its trace. The
quantity [ad−4/g2]
∑
p Ap is the Riemann sum approximation to the classical smooth field continuum YM action∫
Tr (F aµν )
2(x) ddx, when Λր Zd and a ց 0, formally, and the finite difference derivatives become ordinary partial
derivatives.
We now discuss gauge invariance and gauge fixing. Due to the local gauge invariance of the action Ap, and so also
A =
∑
p Ap, there is an excess of gauge variables in the definition of the partition function given by Eq. (1). By a
gauge fixing procedure we eliminate gauge variables by setting them equal to the identity in the action and dropping
the gauge bond variable integration. In this process of gauging away some of the gauge group, bond variables, the
value of the partition function is unchanged, as long as we apply this procedure to bonds which do not form a closed
loop in Λ (see [4]). We will use what we call the enhanced temporal gauge.
In the enhanced temporal gauge, the temporal bond variables in Λ are set to the identity, as well as certain specified
bond variables on the boundary ∂Λ of Λ. Letting Λr denote the number of retained bonds, for free b.c., we have
Λr = (L − 1)2, [(2L + 1)(L − 1)2], [(3L3 − L2 − L − 1)(L − 1)], respectively, for d = 2, 3, 4. Clearly Λr ≃ (d − 1)Ld,
for sufficiently large L, and Λr ր ∞ as Λ ր aZd. For periodic b.c., the same bond variables are gauged away; the
number of non-gauged away bond variables is then Λr +Λe, where we recall that Λe is the number of extra bonds we
add to Λ to implement periodic b.c.
The precise definition of gauged away bonds, for free b.c., is as follows (see page 4 of [17]). We label the sites of
the µ-th lattice coordinate by 1, 2, . . . , L. The enhanced temporal gauge is defined by setting in Λ the following bond
variables to 1. First, for any d = 2, 3, 4, we gauge away all temporal bond variables by setting gb0(x) = 1. For d = 2,
take also gb1(x0=1,x1) = 1. For d = 3, set also gb1(x0=1,x1,x2) = 1 and gb2(x0=1,x1=1,x2) = 1. Similarly, for d = 4, set
also to 1 all gb1(x0=1,x1,x2,x3), gb2(x0=1,x1=1,x2,x3) and gb3(x0=1,x1=1,x2=1,x3). For d = 2 the gauged away bond variables
form a comb with the teeth along the temporal direction, and the open end at the maximum value of x0. For d = 3,
the gauged away bonds can be visualized as forming a scrub brush with bristles along the x0 direction and the grip
forming a comb. For any d, all gauged away bond variables are associated with bonds in the hypercubic lattice Λ
which form a maximal tree. Hence, by adding any other bond to this set, we form a closed loop.
We now obtain factorized stability bounds for the partition function ZBΛ,a. In doing this, we are improving the
proofs of [13, 17] and are extending the results to the periodic b.c. case. The bounds are factorized as a product. In
the product, each factor is a single bond variable, single plaquette partition function. First, we give a Lemma that
shows that the plaquette action Ap has a global upper bound which is quadratic in each gluon bond variables. The
lemma is used to obtain the factorized lower bound on ZBΛ,a. The following Lemma is the content of Lemma 2 of Ref.
[17].
Lemma 1 For the four retained bond plaquette, we have the global quadratic upper bound
Ap = ‖Up − 1‖2H−S ≤ C2
∑
1≤j≤4
|xj |2 = C2
∑
1≤j≤4
|λj |2 , C = 2
√
N , (4)
where Up = e
iX1eiX2eiX3eiX4 . For α = 1, . . . , N2, xjα = TrXjθα, and λj = (λj,1, . . . , λj,N ), where, for k = 1, . . . , N ,
λj,k are the angular eigenvalues of e
iXj .
When there are only one, two or three retained bond variables in a plaquette, the sum over j has, respectively, only
one, two and three terms and the numerical factor 4 in C2 = 4N is replaced by 1, 2 and 3, respectively. For the total
action AB =
∑
p Ap, we have the global quadratic upper bound
AB ≤ 2(d− 1)C2
∑
b
|xb|2 = 2(d− 1)C2
∑
b
|λb|2 , (5)
where the sum runs over all Λr retained bonds.
For completeness of the present paper, following Ref. [17], we give the proof of Lemma 1 in section IV. All the four
theorems stated below are also proved there.
Our stability bounds on the partition function ZBΛ,a, leading to TUV stability bounds for the normalized partition
function ZB,nΛ,a are given by
5Theorem 1 The partition function ZBΛ,a verifies the following stability bounds:
Free b.c.:
zΛrℓ ≤ ZΛ,a ≤ zΛru , (6)
Periodic b.c.:
zΛr+Λeℓ ≤ ZPΛ,a ≤ ZΛ,a ≤ zΛru , (7)
where
zu =
∫
exp
[−2(ad−4/g2)Re Tr (1− U)]] dσ(U) , (8)
and, with U = eiX and C2 = 4N ,
zℓ = =
∫
exp
[−2C2(ad−4/g2) (d− 1)TrX2] dσ(U) . (9)
Remark 1 Using Jensen’s inequality, we obtain the factorized lower bound ZΛ,a ≥ ξΛp , where
ξ = exp
{
−a
d−4
g2
∫
‖U − 1‖2H−S dσ(U)
}
≥ exp
[
−2N a
d−4
g2
]
,
where we recall Λp is the number of plaquettes in Λ. Λp = Λr, for d = 2; Λp ≃ 3L3, 6L4, respectively, for d = 3, 4.
In Theorem 2 below, we obtain factorized lower and upper bounds with Λr = (d− 1)Ld factors. In both the upper and
lower bound a factor of (ad−4/g2)−N
2/2 is extracted. This factor dominates the a, g2 dependence.
We continue by giving more detailed bounds for zu and zℓ. In these bounds, we extract a factor of (a
d−4/g2)−N
2/2
from both zu and zℓ. Note that the integrands of both zu and zℓ only depend on the angular eigenvalues of the
gauge variable U ; they are class functions on G. The N2-dimensional integration over the group can be reduced to
an N -dimensional integration over the angular eigenvalues of U by the Weyl integration formula [18–20], which reads∫
U(N)
f(U) dσ(U) =
1
NC(N)
∫
(−π,π]N
f(λ) ρ(λ) dNλ , (10)
where NC(N) = (2π)N N !, λ = (λ1, . . . , λN ), dNλ = dλ1 . . . dλN and ρ(λ) =
∏
1≤j<k≤N |eiλj − eiλk |2.
In our stability and generating functional bounds the following integrals of the Gaussian unitary ensemble(GUE)
and Gaussian symplectic ensemble probability distributions (see [21, 22]), from random matrix theory, arise naturally.
Let, for β = 2, 4 and u > 0,
Iβ(u) =
∫
(−u,u)N
exp

−(1/2)β ∑
1≤j≤N
y2j

 ρˆβ/2(y) dNy ,
where ρˆ(y) =
∏
1≤j<k≤N (yj − yk)2, Iβ(u) < Iβ(∞) = Nβ , is the normalization constant for the GUE and the
Gaussian Symplectic Ensemble (GSE) probability distributions for β = 2, 4, respectively. Explicitly, we have NG =
(2π)N/2 2−N
2/2
∏
1≤j≤N j! and NS = (2π)N/2 4−N
2 ∏
1≤j≤N (2j)!.
For the upper bound on zu and lower bound on zℓ, we have:
Theorem 2 Let C2 = 4N . Then, we have the bounds
zu = N−1C
∫
(−π,π]N
exp[−2(ad−4/g2) ∑1≤j≤N (1 − cosλj)] ρ(λ) dNσ(λ)
≤ (ad−4/g2)−N2/2 (π/2)N2 NG(N)N−1C (N)
≡ (ad−4/g2)−N2/2 ecu ,
(11)
and
zℓ = N−1C
∫
(−π,π]N exp[−2C2(d− 1)(ad−4/g2)
∑
1≤j≤N λ
2
j ] ρ(λ) d
Nσ(λ)
≥ (ad−4/g2)−N2/2N−1C (N) (4/π2)N(N−1)/2 [2(d− 1)C2]−N
2/2 Iℓ ,
≡ (ad−4/g2)−N2/2 ecℓ ,
(12)
where Iℓ ≡ I2(π[2(d−1)C2]1/2/(2g0)). cu and cℓ are finite real constants, independent of a, a ∈ (0, 1] and g2 ∈ (0, g20 ],
0 < g0 <∞.
6Concerning the existence of the thermodynamic and continuum limits of the normalized free energy we define a
normalized partititon function by
ZB,nΛ,a = (a
d−4/g2)(N
2/2)Λr ZBΛ,a , (13)
and a finite lattice normalized free energy by
fB,nΛ,a = Λ
−1
r lnZ
B,n
Λ,a . (14)
Using Theorem 1 and Theorem 2, together with the Bolzano-Weierstrass theorem, we can directly prove the following
Theorem.
Theorem 3 The normalized free energy fB,nΛ,a converges subsequentially, at least, to a thermodynamic limit
fB,na = lim
ΛրaZd
fB,nΛ,a ,
and, subsequently, again, at least subsequentially, to a continuum limit fB,n = limaց0 f
B,n
a . Besides, f
B,n
a satisfies
the bounds
−∞ < cℓ ≤ fB,na ≤ cu <∞ . (15)
and so does fB,n. The constants cℓ and cu are finite real constants independent of a ∈ (0, 1] and g2 ∈ (0, g20 ],
0 < g0 <∞.
III. GENERATING FUNCTIONAL FOR PLAQUETTE FIELD CORRELATIONS
Here, we obtain bounds for the generating functional of gauge invariant field correlations. Bounds for the field
correlations follow from Cauchy estimates on the generating functional. The same hypercubic lattice Λ is maintained.
We use periodic boundary conditions and the multiple reflection method. Our choice of correlations is guided by the
energy-momentum spectral results from strong coupling (see [23]). We fix a = 1 and denote the plaquette coupling
constant by γ = ad−4/g2. For 0 < γ ≪ 1, a lattice quantum field theory is constructed via a Feyman-Kac formula.
By polymer expansion methods, infinite lattice correlations exist and are analytic in γ ∈ C, |γ| ≪ 1. In [23], it is
shown that, for 0 < γ ≪ 1, associated with the truncated plaquette-plaquette correlation, there is an isolated particle
(glueball) in the low-lying E-M spectrum, with mass of order ( ln γ). Furthermore, for an arbitrary gauge-invariant
function with finite support, it is shown that the isolated dispersion curve of the glueball is the only low-lying spectrum
that is present. Returning to our model, we consider the generating functional for the correlation of r gauge-invariant
real plaquette fields TrMp(Up). Taking p to be the plaquette pµν(x), Mp(Up) is defined by, with Up = e
iXp ,
Mp(Up) =
i
2
(
ad−4/g2
)1/2 [
(1− Up) (1U †p)
]
=
(
ad−4/g2
)1/2
sinXp
≃ − a(d−2)/2 {[Aν(x+ aeµ) Aν(x)]} [Aµ(x + aeν) Aµ(x)] + iga[Aµ(x), Aν (x)]
= ad/2 F aµν(x) .
(16)
Hence,
TrMp(Up) = (a
d−4/g2)1/2 ImTr (Up − 1) = (ad−4/g2)1/2Tr sinXp
≃ ad/2TrF aµν (x) .
With our choice of the scaling factor (ad−4/g2)1/2, the generating functional is finite, uniformly in a ∈ (0, 1]. It may
seem surprising that the generating functional is pointwise bounded. However, it is known that a similar phenomenon
occurs in the case of a free massless or massive real scalar field in d = 3, 4. Namely, as analyzed in [16], if instead of
the given physical field φu(x), we use a locally scaled field φ(x) ≃ a(d−2)/2φu(x), then the rpoint correlation function
for the scaled φ fields is bounded pointwise, uniformly in a ∈ (0, 1]. No smearing by a smooth test function is needed
to achieve boundedness! We give more detail in Appendix A.
Letting p = pµν(x), the r-plaquette generating functional is defined by
Gr,Λ,a(J
(r)) =
1
ZPΛ,a
ZPr,Λ,a(J
(r)) ,
7where ZPr,Λ,a(J
(r)) is given by ZPΛ,a with the inclusion of r local source factors exp(
∑
x∈Λ
∑
1≤j≤r Jj(xj)TrMpj (Upj ))
and Jj , j = 1, . . . , r, are source strengths and with the convention that the plaquette pj originates at the lattice point
xj . The r-plaquette correlation, with a set yE = (y1, . . . , yr) of r lattice external points in Λ is given by
∂r
∂J1(y1) . . . ∂Jr(yr)
Gr,Λ,a(J
(r))
∣∣∣∣
Jj=0
.
Our factorized bound is given in the next Theorem. For simplicity of notation, from now on, we set Ji ≡ Ji(yi).
Theorem 4 Considering the model with periodic b.c., we have:
1. The plaquette field generating functional is bounded by
|Gr,Λ,a(J (r))| ≤
∏
1≤j≤r
|zu(rJj)|2
dΛr/(rΛs)
z
2d(Λr+Λe)/(rΛs)
ℓ
. (17)
2. From this, if Gr,a(J
(r)) denotes a sequential or subsequential thermodynamic limit Λ→ aZd, then∣∣∣Gr,a(J (r))∣∣∣ ≤ ∏
1≤j≤r
|zu(rJj)/zℓ|2
d(d−1)/r ,
with
|zu(J)| =
∫
exp
[
|J | (ad−4/g2)1/2 |Im Tr(U − 1)| − 2(ad−4/g2)Ap(U)
]
dσ(U)
= (Nc)−1
∫
exp

|J | (ad−4/g2)1/2 ∑
1≤j≤N
| sinλj | − 2ad−4/g2
∑
1≤j≤N
(1 cosλj)

 ρ(λ) dNλ
≤ (a
d−4/g2)−N
2/2 πN
2+N/4N 1/2S
NC exp(π
2/8N |J |2)
= (ad−4/g2)−N
2/2 exp(c′u + π
2/8N |J |2) .
(18)
Hence, from the bounds of Eqs.(17) and (18), it follows that Gr,Λ,a(J
(r)) is a jointly analytic, entire complex
function of the source field strengths Jj ∈ C.
3. Letting Gr(J
(r)) denote a sequential or subsequential continuum limit aց 0 of Gr,a(J (r)), then
∣∣∣Gr(J (r)) ∣∣∣ ≤ exp

2d(d− 1) (c′ − cℓ) + (π2/8) ∑
1≤j≤r
|Jj |2

 .
This bound is independent of the location and orientation of the r plaquettes, and independent of the value of a ∈ (0, 1]
and g2.
Remark 2 By Cauchy estimates, the r-plaquette scaled field correlations are bounded. In particular, the coincident
point plaquette-plaquette physical field correlation is bounded by consta2−d. The a2−d factor is the same small a
behavior we have for the coincident two- point correlation of the real scalar free field (see Appendix A). This is a
signal of the UV asymptotic freedom.
Lemma 1 and Theorems 1− 4 are proved in the next section.
IV. PROOFS OF THE LEMMA AND THEOREMS
Here, following Ref. [17], we give a proof of Lemma 1. We also prove Theorems 1− 4.
81. Proof of Lemma 1
For simplicity, here we consider the case where we have four retained bonds in a plaquette. The other cases are
similar. We define, for 1 ≤ j ≤ 4, Lj = i
∑
1≤α≤N2 x
j
αθα, so that Uj = e
Lj and Up = U1U2U
†
3U
†
4 .
Since ‖Lj‖ ≤ ‖Lj‖H−S = |xj | and letting Up(δ) = U1(δ)U2(δ)U †3 (δ)U †4 (δ), Uj(δ) = eδLj , for δ ∈ [0, 1], by the
fundamental theorem of calculus, suppressing δ,
Up − 1 =
∫ 1
0
dδ
[
L1U1U2U †3U †4 + U1L2U2U †3U †4 − U1U2L3U †3U †4 − U1U2U †3L4U †4
]
.
Using the triangle and Cauchy-Schwarz inequalities, we obtain
‖Up − 1‖ ≤
4∑
j=1
‖Lj‖ ≤
4∑
j=1
‖Lj‖H−S =
4∑
j=1
|xj | ≤ 2

 4∑
j=1
|xj |2


1/2
.
But, ‖Up − 1‖ ≥ N−1/2 ‖Up − 1‖H−S . Hence,
Ap = ‖Up − 1‖2H−S ≤ 4N
4∑
j=1
|xj |2 .
By considering the number of terms of the sum over j, the factor 4 in C2 is replaced by 1, 2 and 3, respectively, when
only one, two or three retained bond variables appear in a retained plaquette.
Using this upper bound on the single plaqquette action, and summing over the retained plaquettes, the second
inequality of Lemma 1 is easily proven.
2. Proof of Theorem 1
The Case of Free b.c.:
Upper Bound: Fix the enhanced temporal gauge. An upper bound is obtained by discarding all horizontal plaquettes
except those with temporal coordinates x0 = 1. We now perform the horizontal bond integration. For ease of
visualization we carry it out explicitly for d = 3. Integrate over successive planes of bonds starting at x0 = L and
ending at x0 = 1. For each horizontal bond variable integration, the bond variable appears in only one vertical
plaquette. After the integration, in principle, the integral still depends on the other bond variables of the plaquette.
However, using the left or right invariance of the Haar measure, the integral is independent of the other variables. In
this way, we extract a factor zu. In the total procedure, we integrate over the Λr horizontal bonds, so that we extract
a factor zΛru .
Lower Bound: Fixing the enhanced temporal gauge and using Lemma 1 gives the factorization and zℓ.
The Case of Periodic b.c.:
Upper Bound: Considering the positivity of each term in the model action of Eq. (2), since AP ≥ A, we have
ZPΛ,a ≤
∫
e−A dgB =
∫
e−A dg = ZΛ,a ≤ zΛru .
Lower Bound: Fix the enhanced temporal gauge. Use the global quadratic upper bound of Lemma 1 on all Λr ∪ Λe
bond variables. Thus, we have
ZPΛ,a ≥ zΛr+Λeℓ ,
where U = exp(iX), X =
∑
α xαθα.
93. Proof of Theorem 2
The first line of zu is the application of Weyl‘s integration formula [18–20]. Use the inequality (see [24]) (1−cosx) ≥
2x2/π2, x ∈ [−π, π], in the action. and the inequality (1 − cosx) ≤ x2/2 in each factor of ρ(λ). After making the
change of variables y = 2[a(d−4)/2/(πg)]λ and using the monotonicity of the integral, the result follows. For zℓ, apply
Weyl‘s integration formula and use the inequality 2[1− cos(λj −λk)] ≥ (4/π2) (λj −λk)2, |λℓ| < π/2 in each factor of
the density ρ(λ). Then, use the positivity of the integrand and restrict the domain of integration to (−π/2, π/2]N . In
making the change of variables y = [a(d−4)/2/g]C
√
2(d− 1)λ, the integral I2([a(d−4)/2/g]C
√
2(d− 1))π/2) appears.
Since I2(u) is monotone increasing the integral assumes its smallest value for a = 1 and g
2 = g20 .
4. Proof of Theorem 3
For periodic boundary conditions and the lower bound, using Theorem 1, we have the finite volume lattice normal-
ized free energy
fP,nΛ,a =
1
Λr
lnZP,nΛ,a =
1
Λr
ln
[
ad−4
g2
]N2Λr/2
+
1
Λr
lnZPΛ,a
≥ 1
Λr
ln
[
ad−4
g2
]N2Λr/2
+
1
Λr
ln zΛr+Λℓℓ .
Continuing the inequality and using Theorem 2, we have
fP,nΛ,a ≥
1
Λr
ln
[
ad−4
g2
]N2Λr/2
+
Λe + Λr
Λr
ln
[(
ad−4
g2
)−N2/2
ecℓ
]
≥ ln
[
ad−4
g2
]N2/2
+
Λe + Λr
Λr
[
ln
(
ad−4
g2
)−N2/2
+ cℓ
]
which gives, when Λ→ aZd,
fP,na ≥ cℓ .
A similar calculation for the upper bound, with Λe = 0, proves the theorem for the upper bound. For free b.c., set
Λe = 0 in the above calculations.
5. Proof of Theorem 4
To prove Theorem 4, first use the generalized Holder‘s inequality to bound Gr,Λ,a(J
(r)) by a product of single
plaquette generating functionals, i.e.
|Gr,Λ,a(J (r))| ≤
∏
1≤j≤r
|G1,Λ,a(rJj)|1/r
Now, since we are adopting periodic b.c., we can apply the multi-reflection method (see [4]) to bound each factor in
the product. To this end, we make a shift in the lattice by (1/2a) in each coordinate direction. Also, we use the
π/2 lattice rotational symmetry and translational symmetry to put the single plaquette in the µν = 01 plane in the
first quadrant with lower left vertex at (a/2, a/2, . . . , a/2). Then, we apply the multi-reflection method to obtain the
bound
|G1,Λ,a(rJj)| ≤ |GΛ,a(rJj)|2d/Λs ,
where GΛ,a(J) =
[
ZPΛ,a
]−1
ZPΛ,a(J), with Z
P
Λ,a(J) denoting Z
P
Λ,a with a source of uniform source strength J . The
source factor is given by exp[J
∑′
pTrMp(Up)], where the sum is over an array of plaquettes. The array consists of
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planes of plaquettes that are parallel to the 01 plane. In each plane, there are only alternating, i.e. like considering
only squares of a same color on a chessboard. We obtain a greater upper bound by noting that
|JTrMp(Up)| ≤ |J | [a(d−4)/2/g] |ImTr (Up − 1)|
≤ |J | [a(d−4)/2/g] |Tr (Up − 1)|
≤ |J | [a(d−4)/2/g]N1/2 ‖Up − 1‖H−S ,
where we have used the Cauchy-Schwarz inequality in the Hilbert-Schmidt inner product.
We also increase the bound by summing over all plaquettes in the lattice Λ that are parallel to the 01 plane. We
denote this sum by
∑′′
p . In this way, we obtain the upper bound
∣∣ZPΛ,a(J)∣∣ ≤
∫
exp
[
|J |a(d−4)/2g−1N1/2
′′∑
p
‖Up − 1‖H−S − ad−4AP /g2
]
dgP .
As in the proof of the upper stability bound for the periodic model, as given above, we discard plaquette actions in
AP for plaquettes that are not in Λ so that
∣∣ZPΛ,a(J)∣∣ ≤
∫
exp
[
|J |a(d−4)/2g−1N1/2
′′∑
p
‖Up − 1‖H−S − ad−4A/g2
]
dg .
We bound the integral as we did for the upper stability bound for the free b.c. case. In this manner, we obtain the
factorized bound ∣∣ZPΛ,a(J)∣∣ ≤ [zu(J)]Λr ,
and the factorized bound of the theorem for GrΛa(J
(r)) is proved.
Now, recalling that Λs = L
d, Λr ≃ (d1)Ld and Λe = dLd−1, the factorized bound for Gra(J (r)) follows.
Application of the Weyl integration formula [18–20] gives the λ integral for zu(J). Using the bounds | sinλj | ≤ |λj |,
for all j, and | exp(iλj)− exp(iλk)|2 = 2[1 cos(λj − λk)] ≤ (λj − λk)2, for each factor of ρ(λ) gives the inequality
zu(J) ≤ (1/Nc)
∫
(−π,π]N )
exp

|J |(a(d−4)/2/g) ∑
1≤j≤N
|λj | − 4ad−4/(g2π2)
∑
1≤j≤N
λ2j

 ρˆ(λ) dNλ .
Making the change of variables yk = [2a
(d−4)/2/(gπ)]λk, a factor of [a
(d−4)/2/g]−N
2
is extracted and the remaining
integral is bounded by, with y2 =
∑
j y
2
j ,
∫
RN
exp

π|J | ∑
1≤j≤N
|yj|/2 −
∑
1≤j≤N
y2j

 ρˆ(y) dNy .
Writing exp(−y2) = exp(−y2/2) exp(−y2/2) and using the Cauchy-Schwarz inequality, the integral is bounded by

∫
RN
exp

π |J | ∑
1≤j≤N
|yj| −
∑
1≤j≤N
y2j

 dNy


1/2 
∫
RN
exp

− ∑
1≤j≤N
y2j

 ρˆ2(y) dNy


1/2
.
Using the inequality es|yk| ≤ esyk + e−syk , s > 0, the Gaussian integral of the bound of the integral of the first factor
is carried out explicitly. For the integral of the second factor, after making the change of variables wk = (yk/
√
2)
and up to a numerical factor, the resulting integral is the normalization constant NS for the Gaussian symplectic
ensemble [21]. Keeping track of the numerical factors gives the final inequality for zu(J) and the proof of Theorem 4
is complete.
V. CONCLUDING REMARKS
We consider the Yang-Mills relativistic quantum field theory in an imaginary-time functional integral formulation.
In the spirit of the lattice approximation to the continuum, the Wilson partition function is used as an ultraviolet
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regularization, where the hypercubic lattice Λ ⊂ aZd, d = 2, 3, 4, a ∈ (0, 1], has L sites on a side. We use both free
and periodic boundary conditions and our lattice has Λs = L
d sites.
If x = (x0, . . . , xd−1) denotes a site of Λ and eµ, µ = 0, . . . , (d − 1) is a unit vector in the positive µ direction
(0 is the label of the time direction), the partition function for free and periodic boundary conditions is given by
ZBΛ,a =
∫
exp[(−ad−4/g2)AB ] dg˜B, where B = P , for periodic b.c. and for free b.c. we omit the superscript. For
each bond b, we assign a gauge bond variable Ub ∈ G, where G is the gauge group U(N). We denote by bµ(x) the
bond with the lattice initial point x and terminal point x+ aeµ.
Parametrizing the bond variable Ub, b ≡ bµ(x), by exp[iagAµ(x)], we call the self-adjoint gauge potential Aµ(x) the
physical gluon field. A lattice plaquette (minimal square) with vertices x, x + aeµ, x + aeµ + aeν, x + aeν , µ < ν,
is denoted by pµν(x) and the model action A
B is a sum over all plaquettes of four bond variable single plaquette
actions Ap of each plaquette pµν(x). Defining Up = e
iagAµ(x) eiagAν (x+aeµ) e−iagAµ(x+aenu) e−iagAν(x), the plaquette
action Ap for the plaquette p is givn by Ap = ‖Up − 1‖2H−S = 2Re Tr (1−Up) = 2Tr (1 cosXp), where we used the
ordinary Hilbert-Schmidt norm and Up = e
iXp . Ap is pointwise nonnegative and so is A
B =
∑
p Ap.
With this, the gauge group measure dg˜B above is a product over single bond G Haar measures dσ(Ub) and, whenever
periodic b.c. is employed, as usual, we add extra bonds to Λ connecting the endpoints of the boundary to the initial
points of the boundary of Λ in each spacetime direction µ = 0, 1, . . . , (d− 1). The periodic plaquettes are those that
can be formed from the totality of periodic bonds.
Formally, for small lattice spacing a ∈ (0, 1], Ap ≃ a4g2 Tr [F aµν(x)]2 where, with finite difference derivatives
understood, we have F aµν(x) = ∂
a
µAν(x) ∂
a
νAµ(x) + ig [Aµ(x), Aν(x)] where the commutator is taken over the Lie
algebra of G = U(N). Thus, (ad−4/g2) ∑pAp ≃ ad ∑x∈Λ ∑µ,ν=0,1,...,(d−1) ;µ<ν Tr [F aµ,ν(x)]2 is the Riemann sum
approximation to the classical smooth field continuum YM action
∑
µ<ν
∫
Tr [Fµν (x)]
2 ddx, where Fµν is defined as
above but with usual partial derivatives.
Associated with this classical statistical mechanical model partition function and its correlations there is a lattice
quantum field theory. The quantum field theory is constructed in [7] via a FeymanKac formula. An important
ingredient in the construction is Osterwalder-Seiler reflection positivity which requires the number of lattice points
L, in each spacetime diretion, to be even. The construction provides a quantum mechanical Hilbert space, mutually
commuting self-adjoint spatial momentum operators and a positive energy operator.
Here, we define a normalized partition function ZB,nΛ,a , related to Z
B
Λ,a by a g and a-dependent multiplicative factor,
and show that ZB,nΛ,a obeys thermodynamic and ultraviolet stability bounds. These bounds guarantee the existence
of a normalized free energy for a sequential or subsequential thermodynamic limit (Λ ր aZd) and, subsequently, a
subsequential continuum limit(a ց 0). The proof given here has some improvements on the results of [13, 17] and
also extends the results to the case when periodic boundary conditions are employed. The use of periodic conditions
allows us to employ the multireflection method [4] to prove bounds for the plaquette fields generating functional which
we also analyze here.
As a key ingredient for the lower bound on ZB,nΛ,a , we have found a new upper bound for the four-bond variable
Wilson plaquette action. The bound is local and quadratic in the gluon bond variables of the plaquettes. It is
surprising since the naive small a approximation to the action has positive quartic terms in the case of a nonabelian
gauge group.
The bounds have a product structure. The number of factors is roughly the number of bond variables in the
temporal gauge, i.e. (d− 1)Ld.
As before, for the case of free b.c., considering here also the use of periodic b.c., the upper (lower) stability bound
factor is denoted by zu (zℓ) and is a single bond variable, single-plaquette partition function. We prove that a factor
ξ ≡ (ad−4/g2)−N2/2 can be extracted from both zu and zℓ so that zu < ξecu and zℓ > ξecℓ , with finite constants cℓ
and cu, independent of a ∈ (0, 1] and g ∈ [0, g0], 0 < g0 <∞.
Using periodic b.c., we also obtain bounds for the normalized generating functional for r ∈ N plaquette fields
defined, with a collection of r source plaquette fields with source strengths J (r) = {J1, . . . , Jr}, in the finite lattice Λ,
by
Gr,Λ,a(J
(r)) =
ZPr,Λ,a(J
(r))
ZPΛ,a
,
where ZPr,Λ,a is the partition function Z
P
Λ,a with the inclusion of the usual exponential of the source factors, namely,
exp[
∑
1≤j≤r Jj TrMpj (Upj )]. Here pj , j = 1, . . . , r are plaquettes pµjνj (xj). For fixed µ and ν, and the plaquette
pµν(x), the plaquette field we consider is approximately, for small a,
TrMp(Up) = a
d/2TrF aµν(x) .
12
(Note that the trace does not give zero since µ and ν are fixed!) The r-plaquette field correlation, with plaquettes
originating at the external points xE = {x1, . . . , xr}, is given by
Gr,Λ,a(xE) = [δ/δ(J1(x1)] . . . [δ/δ(Jr(xr)] Gr,Λ,a(xE) |J1,...,Jr=0 .
We also prove a factorized bound for Gr,Λ,a(xE) so that, denoting by Gra(J (r)) any sequential or subsequential
thermodynamic limit, we have
Gra(J
(r)) ≤
r∏
j=1
[
zu(Jj)
zℓ
]2d(d−1)/r
,
where zu(Jj) is a single bond variable single plaquette partition function with a source of strength Jj . It is shown
that
zu(J) ≤ (ad−4/g2)−N2/2 ec′u ecJ2 ,
where c′u and c are finite real constants, independent of a and g
2. Thus,
Gra(J
(r)) ≤ exp

2d(d− 1) (c′u − cℓ) + cr ∑
1≤j≤r
J2j

 .
The bounds extend to complex source strengths. The generating functional is a jointly analytic, entire function in
the source strengths J1, ..., Jr of the r plaquette fields. The r-plaquette field correlations admit a Cauchy integral
representation and are bounded by Cauchy bounds.
Our stability and generating functional bound results extend to the gauge group G − SU(N) and other connected,
compact Lie groups G. By the Bolzano-Weierstrass theorem, the stability bounds ensure the existence of a normalized
free energy for the model, but do not give information on any other model property and its the energy-momentum
spectrum. The existence of the normalized free energy and boundedness of the generating functional are the only
questions we analyze here. More analysis is indeed needed e.g for the correlation decay rates. We point out that our
bounds hold whether or not a mass gap persists in the aց 0 continuum limit.
APPENDIX A: Unscaled or Physical and Scaled real scalar free fields
Here, considering the case of the real scalar free field φ, we develop the relation between quantities expressed in
terms of the local unscaled or physical field φu(x) and locally scaled fields φ(x) = s φu(x), with
s ≡ s(a) = [ad−2(m2ua2 + 2dκ2u)]1/2 ,
where mu and κu are the unscaled field mass and lattice hopping parameter defined below. We refer to Ref. [17] for
more details.
In the continuum limit, the unscaled two-point correlation is infinite at coincident points. By our choice of s, for
d = 3, 4, the scaled field correlations are more regular in the continuum limit. More precisely, they are finite at
coincident points! For the massless free scalar field, the a-dependence of the scaling factor is a(d−2)/2.
In the case of YM, as discussed above, this same scaling factor relation between the physical gluon fields Aµ(x) and
the scaled gluon fields a(d−2)/2Aµ(x) makes the scaled plaquette correlations bounded, in the continuum limit.
Of course, these scaling transformations are not to be confused with the usual canonical scaling.
In the hypercubic lattice with free boundary conditions, the unscaled or physical action for the real scalar free field
is, up to boundary conditions and for x+µ ≡ x+ aeµ,
AuB,a =
κ2u
2 a
d−2
∑
x,µ
[
φu(x+µ )− φu(x)
]2
+ 12 m
2
u a
d
∑
x [φ
u(x)]2
= −κ2u ad−2
∑
x,µ φ
u(x+µ )φ
u(x) + 12 (m
2
u a
d + 2dκ2ua
d−2)
∑
x [φ
u(x)]
2
.
(A1)
AuB,a is a sum of an unscaled hopping term, with an unscaled hopping parameter κ
2
u > 0, and a mass term.
The thermodynamic limit of the unscaled two-point free field correlation exists and has the representation
Cua (x, y) =
1
2(2π)d
∫
(−π/a,π/a]d
eip(x−y)D−1a d
dp .
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where
Da =
κ2u
a2
∑
µ
(1− cos pµa) + (m2u/2) .
The continuum limit Cu(x, y) of Cua (x, y) also exists, in the sense of distributions and is
Cu(x, y) =
1
(2π)d
∫
Rd
eip(x−y)
κ2u
∑
µ (p
µ)2 + m2u
ddp ,
with x, y ∈ Rd. Of course, Cu(x, y) is infinite at coincident points x = y.
The formula for Cua (x, y) is obtained as the thermodynamic limit of the finite lattice two-point correlation which in
turn is obtained from the spectral representation of the symmetric matrix Mu,BΛ,a associated with the quadratic form,
i.e. Su,BΛ,a =
(
φu,Mu,BΛ,a φ
u
)
, with b.c. B. B can be taken as free or periodic b.c.
The formula which relates the two-point correlation to the spectral representation is
Cua (x, y) =
[∫
φu(x)φu(y) e−S
u,B
Λ,a dφ˜u
] [ ∫
e−S
u,B
Λ,a dφ˜u
]−1
,
=
1
2
[
Mu,BΛ,a
]−1
(x, y) =
1
2
∑
υ (λυ)
−1 vBυ (x)
[
vBυ (y)
]t
,
where t denotes the transpose and we write the spectral representation of Mu,BΛ,a as
Mu,BΛ,a (x, y) =
∑
υ
λυ v
B
υ (x)
[
vBυ (y)
]t
,
with λυ denoting an eigenvalue of M
u,B
Λ,a (·, ·) and vBυ (·) the corresponding eigenvector. The υ’s, υ = (υ0, . . . , υd−1),
υµ ∈ (−π/a, π/a], that parametrize the sum depend on the b.c. but the thermodynamic limit Cua is the same for free
and periodic b.c. For mu = 0, zero is (respectively, not) an eigenvalue of M
u,P
Λ,a (M
u
Λ,a).
To obtain a more regular or less singular behavior for the correlations, as well as for the model free energy, we
introduce the above defined locally scaled fields φ(x). With this scaling, unscaled field acion AuB,a is transformed to
the scaled action
AB,a(φ˜) = − κ2
∑
x,µ
φ(x+µ )φ(x) +
1
2
∑
x
[φ(x)]2 , (A2)
where the scaled hopping parameter to κ2 is given by
κ2 =
[
2d +
(
mua
κu
)2]−1
. (A3)
The thermodynamic limit of the scaled 2-point correlation is
Ca(x, y) =
1
(2π)d
∫
(−π,π]d
eip(x−y)/aD−1 ddp .
with D = 1 − 2κ2 ∑µ cos qµ. Ca(x, y) is bounded uniformly in a ∈ (0, 1], for d = 3, 4, by the coincident-point value
with a = 0, namely, C0 ≡ C(0) = (2π)−d
∫
(−π,π]d
[1d−1
∑
µ cos qµ]
−1 ddq, which is finite.
Thus, the scaled free field correlations are not singular, even at coincident points. Furthermore, the scaled and
unscaled two-point correlations are related by Ca(x, y) = s
2 Cua (x, y). Moreover, upon letting Ca(x− y) ≡ Ca(x, y),
the two-point correlation decay rate is defined by limυ→∞ (−1/υ) lnCa(υ), with υ ≡ x0. Thus, the decay rates are
the same for Cua (x) and Ca(x). Considering the Osterwalder-Schrader constructed lattice quantum field theory (see
[4, 7]), the decay is the same as the scalar particle mass. The mass is a point in the energy-momentum spectrum with
zero total spatial momentum. The mass m satisfies Da(p
0 = im, ~p = 0) = (κ2u/a
2) (1 coshma) + m2u/2 = 0, with
solution
m = (2/a) sinh−1(mua/2ku) = (mu/κu) + O(a2(mu/ku)3) .
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It is important to observe that m is jointly analytic in a and mu.
The above results continue to hold for the thermodynamic limit in the massless case mu = 0, for the case of free
boundary conditions, as above. For periodic boundary conditions, take the thermodynamic limit first with mu 6= 0
and then take the limit mu = 0 to get the same result as for free boundary conditons. The massless case is obtained
by setting κ2 = (1/2d) in the formula for Ca(x, y). In this case, the scaled field is related to the unscaled field by
φ(x) = a(d−2)/2
√
2d κu φ
u(x), and we note that the a-dependence of the scaling factor is a(d−2)/2.
The generating functional for the r-point scaled free field correlations is
exp

1
2
∑
1≤j,k≤r
JjCa(xj , xk)Jk

 ≤ exp

C0r ∑
1≤j≤r
J2j

 .
The bound is uniform in a ∈ (0, 1], and is independent of the location of the r points.
The generating function formula is obtained as the thermodynamic limit of the finite Λ lattice generating functional.
For the case of r real variables w1, . . . , wr, we use the conventional formula[∫
e(K,w)− (w,C
−1w)/2 drw
] [∫
e− (w,C
−1w)/2 drw
]−1
= e(K,CK)/2 ,
for the generating functional of r source variables w1, . . . , wr with source strengths K1, . . . ,Kr.
For the unscaled field φu, with source factor exp[(φu, f)] = exp[
∑
j a
dφu(xj)f(xj)], the generating functional is
exp

(1/2) ∑
j,k
a2d f(xj) (∆
u)−1(xj , yk) f(yk)

 ,
where
(∆ua)
−1(x, y) =
1
2(2π)d
∫
(−π/a,π/a]d
eip(x−y) [Dua(p)]
−1 ddp .
and
Dua(p) =
(κu
a
)2 ∑
µ
(1− cos pµa) +m2u/2 .
(φu, f) is the Riemann sum approximation to (φu, f)2 =
∫
Rd
φu(x)f(x) ddx and the aց 0 limit of the generating
functional is
exp
[
(1/2)
∫
Rd
f(x)∆−1(x, y) f(y)
]
ddxddy = exp
[
(1/2)
(
f,∆−1f
)
2
]
,
where
∆−1(x, y) =
∫
Rd
eip(x−y)
1
κ2u
∑
µ(p
µ)2 +m2u
ddp .
If f = ∆1/2 h, h ∈ L2(Rd, ddx), the continuum generating functional is finite.
Acknowledgments
We would like to acknowledge the partial support of FAPESP and the Conselho Nacional de Desenvolvimento
Cient´ıfico e Tecnolo´gico (CNPq).
[1] Weinberg, S.: The Quantum Theory of Fields, 3 vols. (Cambridge University Press, Cambridge UK, 2005).
15
[2] Banks, T.: Modern Quantum Field Theory (Cambridge University Press, Cambridge UK, 2008).
[3] Gattringer, C., Lang, C.B.: Quantum Chromodynamics on the Lattice, An Introductory Presentation, Lecture Notes in
Physics 788 (Springer, New York, 2010).
[4] Glimm, J., Jaffe, A.: Quantum Physics: A Functional Integral Point of View (Springer Verlag, NY, 1986).
[5] Rivasseau, V.: From Perturbative to Constructive Renormalization (Princeton University Press, Princeton, 1991).
[6] Summers, S.J.: A Perspective on Constructive Quantum Field Theory, arXiv:1203.3991v2 (2016).
[7] Seiler, E.: Lecture Notes in Physics 159, Gauge Theories as a Problem of Constructive Quantum Field Theory and Statistical
Mechanics (Springer, New York, 1982).
[8] Ruelle, D.: Statistical Mechanics: Rigorous Results, (World Scientific Publishing Co., Singapore, 1999).
[9] Balaban, T.: Ultraviolet Stability of Three-Dimensional Lattice Pure Gauge Field Theories, Commun. Math. Phys. 102,
255-275 (1985).
[10] Balaban, T.: Large Field Renormalization II. Localization, Exponentiation, and Bounds for the R Operation, Commun.
Math. Phys. 122, 355-392 (1989).
[11] Ashtekar, A., Lewandowski, J., Marolf, D., Mouro, J., Thiemann, T.: SU(N) Quantum YangMills Theory in Two Dimen-
sions: A Complete Solution, J. Math. Phys. 38, 5453-5482 (1997).
[12] Balaban, T., O’Carroll, M.: A Simple Method for Correlation Functions via the Effective Actions in the Renormalization
Group Framework, Ann. Phys. (NY) 260, 1-8 (1997).
[13] Faria da Veiga, P.A., O’Carroll, M.: On Thermodynamic and Ultraviolet Stability of Yang-Mills, arXiv:1903.09829v2
[math-ph], 2019.
[14] O’Carroll, M.: Lattice Scaled Bose Fields and Gauge Interacting Models: Stability and Regularity, 2018, submitted.
[15] O’Carroll, M., Faria da Veiga, P.A.: Scaled Lattice Fermion Fields, Stability Bounds and Regularity, J. Math. Phys. 59,
022301 (2018).
[16] Faria da Veiga, P.A., O’Carroll, M.: Generating Functions for Lattice Gauge Models With Scaled Fermions and Bosons,
Ann. Henri Poincare´ 20, 2323-2352 (2019).
[17] Faria da Veiga, P.A., O’Carroll, M.: On Thermodynamic and Ultraviolet Stability of Bosonic Lattice QCD Models in
Euclidean Spacetime Dimensions d = 2, 3, 4, arXiv:submit/3159470 [math-ph], 2020.
[18] Weyl, H.: Classical Groups: Their Invariants and Representations (Princeton University Press, Princeton NJ, 1997).
[19] Bump, D.: Lie Groups, GTM225 (Springer, New York, 2000).
[20] Simon, B.: Representations of Finite and Compact Groups (American Mathematical Society, Providence, 1996).
[21] Mehta, M.L.: Random Matrices (3rd ed., Elsevier, San Diego, 2004).
[22] Deift, P.: Orthogonal Polynomials and Random Matrices: A Riemann-Hilbert Approach (AMS, Providence, 2000).
[23] Schor, R.S.: Existence of Glueballs in Strongly Coupled Lattice Gauge Theories Nucl. Phys. B222, 71 (1983); The energy-
momentum spectrum of strongly coupled lattice gauge theories, B231, 321 (1984).
[24] Simon, B.: Statistical Mechanics of Lattice Models (Princeton University Press, Princeton, 1994).
